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Abstract. We study the de Rham 1-cohomology 7fj-,^(M, G) of a smooth manifold 
. M with values in a Lie group G. By definition, this is the quotient of the set of flat 

connections in the trivial principal bundle M x G by the so-called gauge equivalence. 
We consider the case when M is a compact Kahler manifold and G is a solvable 
' complex linear algebraic group of a special class which contains the Borel subgroups 

. of all complex classical groups and, in particular, the group T„(C) of all triangular 

matrices. In this case, we get a description of the set Hj^j^{M,G) in terms of the 
1-cohomology of M with values in the (abelian) sheaves of flat sections of certain flat 
Lie algebra bundles with fibre g (the Lie algebra of G) or, equivalently, in terms of 
^ , the harmonic forms on M representing this cohomology. 
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^ ■ 0. Introduction 

§ . The paper is devoted to the study of the de Rham 1-cohomology Hj^j^{M, G) 

of a smooth manifold M with values in a Lie group G. If G is non-abelian, then 
H\)j^{M,G) admits no natural group structure and is usually regarded as a set 



g ■ with a distinguished point. By definition, this is the quotient of the set of flat 
connections in the trivial principal bundle M x G by the so-called gauge equiva- 
lence, the distinguished point being the class of the zero connection. Note that the 
^ \ de Rham 1-cohomology set has two important interpretations. First, H\)^{M, G) 
a \ admits a natural injection into the Cech 1-cohomology set (M, G) , the image 
being interpreted as the set of smoothly (or topologically) trivial flat principal bun- 
dles with base M and structure group G. In the case G = M, this correspondence 
is the classical de Rham isomorphism. Second, any flat connection determines 
the holonomy homomorphism 7ri(M) — > G, giving rise to an injective mapping 
Hjjj^{M, G) Hom(7ri(M), G)/IntG'. If G is contractible (e.g., solvable and sim- 
ply connected), then any smooth principal bundle with structure group G is trivial, 
and both injections are bijections. 

We consider the case when M is a compact Kahler manifold and G is a solvable 
complex linear algebraic group of a special class which contains the Borel subgroups 
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of all complex classical groups and, in particular, the group T„(C) of all non-singular 
triangular n x n-matrices. In this case, we get a description of the set H})j^{M, G) in 
terms of the 1-cohomology of M with values in the (abclian) sheaves of fiat sections 
of certain fiat Lie algebra bundles with fibre Q (the Lie algebra of G) or, equivalently, 
in terms of the harmonic forms on M representing this cohomology. Our method 
is based on using the non-abelian Dolbeault cohomology set H^'^{M, G) of M with 
values in G that is defined similarly to the de Rham cohomology set and essentially 
exploits the properties of the Hodge decomposition on a compact Kahler manifold. 

The paper is devided into two sections. The first one contains the necessary facts 
on non-abelian de Rham and Dolbeault cohomology. In particular, the technics of 
twisting described here is very important for the sequel. The proofs are omitted, 
referring the reader to [03, 04]. We also expose some facts on Hodge theory for 
flat vector bundles. 

Section 2 contains formulations and proofs of the main results of the paper. 
We introduce the so-called Hodge property for solvable complex algebraic groups. 
Lemma 2.2 gives a method to construct groups having this property, while Theorem 
2.1 presents a list of such groups including the Borel subgroups of classical complex 
linear groups (one of these subgroups is Tn(C)). The Hodge property for G im- 
plies, in particular, that the natural mapping Hg i : H\)j^[M^G) H^'^(M,G) is 
surjective whenever M is compact and Kahler. Theorem 2.2 describes the so-called 
canonical representatives of de Rham cohomology classes in terms of harmonic forms 
with values in certain Lie algebra bundles. The final result about Hjjj^{M,G) is 
formulated as Theorem 2.3. In the last subsection, we formulate two results that 
can be proved by the same argument as Theorem 2.3. Theorem 2.4 gives a descrip- 
tion of a twisted version of the de Rham cohomology of a compact Kahler manifold 
M with values in the unipotent radical of a group G having the Hodge property. In 
Theorem 2.5, the situation is considered when such a group G is a subgroup of an 
algebraic group G. Here we describe the quotient of the set of flat connections u on 
M X G such that Hq lU takes its values in q by the gauge equivalence determined 
byG. 

In the case when G = T„(C), the main results of the paper were proved in the 
research thesis [Brl] of the first author. The thesis also contains applications of 
these results to the study of the fundamental group 7ri(M) of a compact Kahler 
manifold M and, in particular, a classification of compact solvmanifolds that admit 
Kahler structures. These applications will be published in [Br2]. 

1. De Rham and Dolbeault cohomology with values in a Lie group 

1.1. Here we discuss a non-linear cochain complex that coincides, in the classical 
abelian case, with the initial part of the usual de Rham complex of a smooth 
manifold. We follow [03], Sections 4 and 5, and [04], Section 2. 

Let us first introduce some notation. Let X be a topological space, a sheaf 
of (non-necessary abelian) groups on X. Then one defines the 0-cohomology group 
H^{X,J^) which coincides with the group of global sections r{X,J^). One also 
defines the Cech 1-cohomology H^{X,J^) which in general is not a group, but 
merely a set with a distinguished point. Let it be an open cover of X. In a usual 
way, one defines the groups of p-cochains C^(il, .F), p> 0, and the set of 1-cocycles 

'7l/<( -r•^ r~ ^ -r•^ i ... ... ~ tt r-^ tt r-^ tt ^ ^tl^ 
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There is an action p of C°(it, JF) on C^(il, JF) given by 

(p(o)(c))y = Ci^yCjl. 

The set JF) is invariant under p. Forming the quotient JF) = 

(il, JF) / p(C'^(il, JF)) and passing to a limit over all open covers il, one obtains the 
cohomology set H^[X, T). Its distinguished point e is the class of the unit cocycle 
e e Zi(il,J^). 

Let now G be a Lie group. For any smooth manifold M, denote by the sheaf of 
germs of smooth G-valued functions on M. In particular, = .Fk is the structure 
sheaf of M. Clearly, JFq is a sheaf of groups. The 0-cohomology H^{M, J^q) is 
the group Fq of global smooth functions M G, while the 1-cohomology set 
H^{M, J^g) is usually identified with the set of all smooth principal bundles with 
base M and structure group G (regarded up to isomorphy). Namely, if 11= (Ui) is 
an open cover of M, then any z e Z^(it, .Fg) determines the principal bundle with 
the transition functions Zij got from M x G by twisting with the help of z; this is 
the bundle corresponding to the cohomology class C G H^{M, J^g) of the cocycle z. 
The unit element e e H^{M, Tg) corresponds to the trivial bundle M x G. 

Clearly, we may identify the constant sheaf G on M with the subsheaf of J^g 
consisting of germs of flat (i.e., locally constant) functions. Now, H^{M, G) is the 
group of all flat functions M ^ G. The set H^{M, G) will be interpreted as the set 
of flat principal bundles with base M and structure group G, i.e., principal bundles 
with locally constant transition functions, regarded up to corresponding isomorphy. 

Let g be the tangent Lie algebra of G and $g = 0p>o the graded sheaf of 
0- valued smooth forms on M. This is a sheaf of graded Lie superalgebras, the 
bracket [, ] being induced by that of q. Denoting = r(G, $g), we obtain the 
usual 0- valued de Rham complex {Ag, d), where Ag — 0p>o Ag has a structure of 
graded Lie superalgebra and the exterior derivative d is its derivation of degree 1. 

In order to define the desired non-linear complex, we denote by zu & A^ the 
canonical 1-form on G assigning to any tangent vector v at g & G the vector 
dgTg^iv) G g, where Vg : x ^ xg \s the right translation corresponding to g. 
Consider the triple of groups Rg = {-Rg' -^G' -^g) ~ {^Gi and define the 

coboundary operators 5q : Rq and di : Rq — ^ Rq by 

(1-1) 5o{g)=g*M, geFG, 

(1.2) Si{a) = da — ^[a,a\, a e A^. 

Note that Rq = Fg acts on the graded algebra Ag by automorphisms induced by 
the adjoint representation Ad of G. Denoting this action by Ad, we have 

(1.3) d{Adg{a)) = Adg{da) + [So{g), Adg{a)]. 

One checks easily that Sq : Fg — > is a crossed homomorphism with respect to 
Ad, i.e., 

(1.4) Soigh) = 5oig)+Adg{5oih)). 

This gives rise to the following affine action of Rq on Rq — A^ by so-called gauge 
transformations: 
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In what follows, G often will be a Lie subgroup of the linear group GL^(R). In 
this case, the coboundary operators 5p and the actions Ad and p can be written as 
follows: 

5i{a) = da — a A a, 
Mg{a) = gag~^, 
P(^)(a) = 90^9~^ + {dg)g~^. 

Using (1.3), one easily verifies the following relation: 

(1.6) 5iop{g)^Adgo5i. 

This means that the triple Rg together with the mappings 5p, p = 0, 1, and the 
actions Ad and p is a non-ahelian cochain complex in the sense of [03, 04]. It is 
called the de Rham complex with values in G. 
Introduce the sets of cocycles 

ZP{RG) = KeTSp = 5-\0), p=0,l. 

Then Z^{Rg) is a subgroup of Fq- Now, the subset Z^{Rg) is invariant under p 
due to (1.6). We define the de Rham cohomology of M with values in G (or the 
cohomology of the complex Rq) by 

i?o^(M, G)=H^{Rg) = Z^{Rg), 
HhR{M,G) = H\Rg) = Z\Rg)/p{Fg). 

Then H%j^{M, G) = H°{M, G). If G is non-abehan, then the set H}jj^(M, G) does 
not admit any natural group structure. We regard it as a set with the distinguished 
point e ~ p(Fg)(0). The cohomology class of a cocycle u) e Z^{Rg) will be denoted 
by [u]. 

Note that on the sheaf level we get the following exact sequence of sheaves: 

(1.7) e^G^^G^^l^^l, 

where i is the natural injection. It implies the following relation between the de 
Rham and the Cech 1-cohomology (see [03], Section 5). 

Proposition 1.1. We have the following exact sequence of sets with distinguished 
points: 

(1.8) e ^ HhR{M,G) A H\M,G) ^ H\M,Tg). 

Here i\ is determined by i, while p, is defined as follows. For any cocycle uj e 
Z^{Rg), choose an open cover iX = (Ui) of M such that u = So{ci) in any Ui for 
certain smooth Ci •.Ui ^ G. Then Zij = c~^Cj form a cocycle z = (zij) E Z^(iX, G), 
and p sends [uj] to the cohomology class of z. 

The exactitude of (1.8) means that p maps bijectively the set H]^j^{M, G) onto 

j-1 u — i. i.^ a„j- u 31 — c ™ zjllTKj ™ — j-i, u ]i — 
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In the case G = R, the complex Rq is, clearly, a part of the classical de Rham 
complex, and (1.8) gives the de Rham theorem for the 1-cohomology. 

If G is non-abelian, then (1.8) is not an exact sequence of groups and their 
homomorphisms, and so the fibres of the mapping cannot be described in terms 
of its kernel. To describe these fibres, it is necessary to consider twisted versions of 
the de Rham complex. 

Now we discuss certain twisting constructions. Let <S be a sheaf of sets on X 
and let us denote by Aut S the sheaf of germs of automorphisms of this sheaf. Its 
sections over an open set U G X are, by definition, bijective continuous mappings 
S\U S\U leaving each stalk invariant. Clearly, AutS is a sheaf of groups. Let 
il = (Ui) be an open cover of X, and fix a cocycle z e Z^{ii, AutS). Then we can 
twist S with the help of z getting a new sheaf on X. This means that we glue 
together any two sheaves S\Ui and S\Uj over Ui DUj ^ ^ identifying cii G {S\Ui)x 
and ttj G {S\Uj)j:, x G UiH Uj, under the condition = Zij{aj). If is a sheaf of 
groups and we use automorphisms of a sheaf of groups, then, clearly, is a sheaf 
of groups, too, etc. 

The twisted sheaf depends, up to isomorphism, only on the cohomology class 
C G H^{X, AutS) determined by z. E.g., if z is cohomologous to e, i.e., Zij = CiCj^ 

for a 0-cochain c G C^{!d,AutS), then = Zij{aj) implies c^^(aj) = cj^{aj). 

Thus, the correspondence (a^) h- > {c~^{ai)) is an isomorphism of S^ onto S. 

Note that any section s G r(U,S^) is given by a 0-cochain (sj), where Sj G 
T{U n Ui, S), satisfying Si — Zij{sj) over U (lUiDUj. 

To twist the de Rham complex with values in a Lie group G, suppose that a 
cocycle 3 G Z^(il, Aut G) is given, AutG being the group of automorphisms of G. 
Consider the twisted sheaf of groups G^. We can realize it as the sheaf Ce of locally 
constant sections of the fiat group bundle E which is got from M x G by twisting 
with the help of 3. Any automorphism of G induces an automorphism of To, and 
hence we get the twisted sheaf (J^g)^ which is the sheaf Te of smooth sections of 
E. We also have the cocycle (ij of automorphisms of the Lie algebra g giving rise to 
the twisted sheaves ($0)'^^, p > 0; these are the sheaves $e of p-forms with values 
in the Lie algebra bundle e which is got from M x g hy twisting with the help of 

Define now the graded Lie superalgebra = 0p>o A^, where A^ = r(M, $e)- 
Setting 

{da)i = dai, 

we correctly define a derivation d of giving rise to the twisted de Rham complex 
(Af, d). Its cohomology is denoted by H^j^{M, e), by a generalized de Rham the- 
orem it is isomorphic to HP(M,Ci). The non-linear twisted complex is defined as 
the triple Re = {R% Re, R%}, where R% = Fe = r(M, JT^), = A^, p= 1, 2. 
The coboundary operators and the actions of Fe are correctly defined by 

(5o(/0)for/=(/,)GF^, 
{5i{ai)) for a = (a^) G A\, 
(Ad/,(a),) for a = (a,) G Ap, 
{p{fi){a)i) for a = (a^) G A]. 
As above, we obtain a non-abelian cochain complex. One defines the 0-cohomology 

„ ZjO I' l\/r I7'^ UO/' ID \ '70/' D ^ ] 1 J- Zjl I' T\/r I7'^ 



(1.9) 



(Mm 

(Ad /(a)), 
(p(/)(«)). 
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H^{Re) = Z^{Re)/p{Fe). The group H%^{M,E) coincides with the group 
H^{M,Ce) of fiat sections of E. Generalizing (1.8), we get the following exact 
sequence of sets with distinguished points: 

(1.10) e ^ HhR{M,E) A H\M,Ce) ^ H\M,Tg). 

Let us denote by Int h the inner automorphism x ^ hxh~^ of a group H de- 
termined hj h & H. Suppose that 3 = Int 2, i.e., 3^- = Int^j^, where z = {zij) e 
Z^(il, G). Denote by P the flat principal bundle with the structure group G over 
M corresponding to z. Then = IntP is the group bundle associated to P by 
the action Int of G on itself by inner automorphisms, and e = AdP is the Lie 
algebra bundle associated to P by the adjoint representation Ad of G on g. The 
vector space R\^^ p = p can be interpreted as the space of connections in P (re- 
garded as a smooth principal bundle), while di{a) G Ri^tp = ^AdP interpreted 
as the curvature of a connection a, so that Z^{Rintp) is the set of connections 
with zero curvature (or flat connections). Now, Rj^^p = FintP is identified with 
the group of smooth automorphisms of the principal bundle P (inducing the iden- 
tity mapping of the base M), and p is the action of this group on A\^p by gauge 
transformations. By definition, H^{Rintp) = H}-,p{M,lnt P) is the quotient of 
Z'^iRintp) by this action. Also H^{Rintp) = H^{M,Cintp) is the group of flat 
automorphisms of P. There exists a natural bijection of iy^(i?intp) onto the subset 
(i^)~^(z*(C)) C H^{M,G) of all flat principal bundles isomorphic to P as smooth 
bundles (or, which is the same, onto the set of all flat structures in the bundle P re- 
garded as a smooth principal bundle, up to automorphisms of this smooth bundle), 
see [03], Section 5. 

Now we consider the special case when P is trivial (as a smooth bundle). This 
means that the cohomology class C of -2 lies in Im/j, (see (1.8)). More precisely, we 
may suppose that Zij — c~^Cj, where Cj G T{Ui,J^G)- Then 7 = So{ci) is a well- 
deflned global form from Z^{Rg) such that [7] satisfles A*([7]) = C- The cochain 
(cj) determines an isomorphism of groups t : -Rjntp R% = Fg given by 

(1.11) t{{gi)) = c,g,c-^ in 

Similarly, we get an isomorphism of graded Lie superalgebras r : ^lAd p ^ given 
on the p-components by 

(1.12) Tp{{ai)) = Ad Ci{ai) in Ui, («») e ^AdP- 

This is not an isomorphism of complexes. More precisely, we see from (1.3) that 

T o d = (d — ad 7) o T, 

where a.d'j : a ^ [7, a] is the adjoint operator in associated with 7. Thus, the 
following is true: 

Proposition 1.2. The mapping t defined by (1.12) is an isomorphism of complexes 
{AAdP,d) {Ag,d-&d^). 

Now we establish a relation between the 1-cohomology sets of Rq and Rjnt p (in 
the case when P is trivial as a smooth bundle). Deflne : ^intP ~^ 

(1.13) r^iio^i)) = ri{ai) 7 = Ad Cj(ai) 7 = p{ci){ai). 
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Proposition 1.3. In the notation given by (1.11), (1-12), (1.13), the following 
relations hold: 

r^o p{g) ^ p{t{g))or^, geFintp. 

Thus, maps Z^{Rintp) onto Z^{Rq) and induces a bijection r* : H j^{M, Int P) 
H})j^{M, G) taking e to [7]. 

The proof is straightforward. The statement is also imphed by Proposition 1.5 
of [04]. 

The construction of the de Rham complex gives a covariant functor G 1— > Rq 
from the category of Lie groups into that of cochain complexes (see [04]). In fact, 
to any smooth homomorphism of Lie groups / : G — > Q there corresponds the triple 
{/o, /i, /2} of homomorphisms fp : R^ ^ R^, where fo{g) = f o g, g e R% = Fq, 
and fp{a) = df o a, a e Rq = A^, p = 1,2, satisfying 

5pO fp = fp+i o5p, p = 0, 1, 
fi°p{9) = p(/o(fi'))/i- 

Clearly, / determines a homomorphism of groups /q : H^j^{M, G) — > H^p^^^M, Q) 
and a homomorphism of sets with distinguished points : H]^j^[M,G) — > 
HU{M,Q). 

1.2. Here we consider a theory, analogous to that exposed in n°l.l, in which 
flat bundles and locally constant sections or functions are replaced by holomorphic 
ones. The abelian model is the classical Dolbeault complex of a complex analytic 
manifold. We follow [03], Section 6. 

Let G be a complex Lie group. For any complex manifold M, denote by Oq the 
sheaf of germs of G- valued holomorphic functions on M. In particular, O = Oc 
is the structure sheaf of M. Clearly, H^{M,Og) is the group of all G- valued 
holomorphic functions on M, while H^{M,Og) can be interpreted as the set of 
all principal holomorphic bundles with the base M and the structure group G, 
considered up to holomorphic isomorphisms leaving any point of M fixed. The unit 
cohomology class e corresponds to the trivial bundle M x G. As in Section 1.1, 
we will denote by J^g the sheaf of smooth G-valued functions on M and by $g 
the sheaf of g- valued smooth forms on M. This is a sheaf of bigraded complex Lie 
superalgebras, the bigrading being defined by $g = 0^ where is the 

sheaf of forms of type {p, q). Let 11^^^ : $^+5 be the natural projection. As 

usually, denote 

da = Up+i^qda, da = Up^q+ida, a e ^p^q. 

Then 

d = d + d, = d^ = [d,d] = 0. 

Denote A^'" = T{M, $^'''). Then = 0p,Q>o^0'^ is a bigraded complex Lie 
superalgebra, and d and d are derivations of bidegree (1, 0) and (0, 1), respectively. 
We get the bigraded Dolbeault complexes {Aq, B) and [A^, d). Denote by 

ni^{ae I da = 0}, 
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the subsheaves of holomorphic and antiholomorphic p-forms, respectively. We have 
the classical Dolbeault isomorphisms 

(1.14) HP'i{M, q) =^ H'i{AP'*,d) ~ Hi{M, QP), 

(1.15) H'''''{M,q) =^ HP{Al''i,d) ~ HP{M,Til). 

Now we define the non-linear Dolbeault complex with values in G. Consider the 
triple of groups Rg = {-Rq, Rq: -^g) ~ {^Gj ^e'^? ^0'^} define the coboundary 
operators 5o : i?^ Rq, 5i : Rq R^ and the action p of i?^ on Rq by 

5o{g) = Uo^ig*{w), 

di{a) = da [a, a], 

p{g){a) = Ad g{a) + So{g). 

Then we get a non-abelian cochain complex in the sense of [03, 04], called the 
Dolbeault complex with values in G. If G is a Lie subgroup of GL^(C), then 

So{g) = {dg)g-\ 
Si{a) = da — a A a, 
p{g){a) = gag-^ + {dg)g-^. 

The cocycles of this complex are defined by 

ZP{RG)=Kev5j, = 5-\^), p = 0,l. 

Then Z^[Rq) is a subgroup of Fq- Now, the subset Z^{Rg) is invariant under p. 
We define the Dolbeault cohomology of M with values in G (or the cohomology of 
Rg) by 

H\Rg) = Z'(Rg), 
H'^'^M, G) = H\Rg) = Z\Rg)/p{Fg). 

Note that on the sheaf level we get the following exact sequence of sheaves: 

where i is the natural injection. It implies the following relation between the Dol- 
beault and the Cech 1-cohomology (see [03], Section 6). 

Proposition 1.4. We have the following exact sequence of sets with distinguished 
points: 

e^H'^'\M,G)^H\M, Og) ^ H\M, J^g)- 

Here i\ is determined by i, while ft is defined as follows. For any cocycle u) e 
Z^{Rg), choose an open cover ii — {Ui) of M such that u = do{ci) in any Ui for 
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Og), and n takes the Dolbeault cohomology class [ui] of uj to the cohomology 
class of z. 

This means that p, maps bijectively the set H^'^{M, G) onto the subset of those 
holomorphic bundles from H^{M, Oq) which are trivial as smooth bundles. 

As in Section 1.1, there exist twisted versions of the Dolbeault complex. Denote 
by Aut^ G the group of holomorphic automorphisms of G and choose a cocycle 
3 G Z^{ii, J^Auth g)- Clearly, CAut/i G acts on Oq and J-'g- We get the holomorphic 
group bundle E obtained by twisting MxG with the help of 3 and the sheaves Oe = 
(OgY and J^E = {^gY of holomorphic and smooth sections of respectively. The 
cocycle di gives rise to the twisted sheaves ($0''^)'^^, p,q > 0; these are the sheaves 
^e'"^ of (p, -forms with values in the holomorphic Lie algebra bundle e which is got 
from M X g by twisting with the help of d^. Clearly, the operator d is well-defined 
in $e = ©««>n^e'^) and one can define the subsheaf of holomorphic »-forms 
n^, c Now, one can consider the bigraded Dolbeault complex {Ag,d), where 
Aq = r(M, $e). Then there are the Dolbeault isomorphisms similar to (1-14): 

(1.16) HP''i{M, e) =^ B) ~ H\M, QP). 

The twisted version of the Dolbeault complex Rg is Re = {R%, Re^ ^%}^ where 
R^ = Fej R^e ~ P = 1^2. The coboundary operators and the actions of 

Fe are correctly defined by formulas similar to (1.9). The 0-cohomology of this 
cochain complex is the group T{M,Oe) of all holomorphic sections of E; the 1- 
cohomology will be denoted H^'^{M, E). Let us consider the case when 3 = Int2;, 
where z = (zij) G Z^{ii, Og)- Denote by P the principal holomorphic bundle over 
M corresponding to z. Then E = Int P is the group bundle associated to P by the 
action Int of G on itself by inner automorphisms, and e = Ad P is the Lie algebra 
bundle associated to P by the adjoint representation Ad of G on g. 

Now we consider the special case when P is trivial as a smooth bundle. We may 
suppose that Zij = c~^Cj, where Ci G T{Ui,J-'G)- Then 7 = 5o(ci) is a well-defined 
global form from Z^{Rg), and its cohomology class [7] satisfies /u([7]) = where 
C is the cohomology class of z. Precisely as in Section 1.1, we get an isomorphism 
of groups t : Fintp — > Fq given by (1.11) and an isomorphism of bigraded Lie 
superalgebras r : ^AdP given by (1.12). Define a mapping : ^j^tP ~^ ^c'^ 

by 

(1.17) ^7((«i)) = n{ai) -h 7 = Adci{ai) 7 = p{ci){ai). 
The following statements are easily verified. 

Proposition 1.5. The mapping r is an isomorphism of complexes {AAdP,d) 
(^g,a- ad7). 

Proposition 1.6. The following relations hold: 

r^o p{g) = p{t{g))of^, g e^i^^p. 

Thus, maps Z^{Rintp) onto Z^{Rg) and induces a bijectionf* : iy°'^(M, Int P) 
^ H^'^{M, G) taking e to [7]. 

In what follows, we will consider the case when E is fiat, i.e., is obtained by 
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d is also well-defined in and one can define the subsheaf of antiholomorphic 



qf-forms il^ C $e'^- We also get the bigraded complex {A^^d) and the Dolbeault 
isomorphisms similar to (1.15): 

(1.18) 



H^'^M, e) =^ H^{Al^\ d) ~ if^(M, il]). 



As in the case of the de Rham complex, the correspondence G ^ Rq is a 
covariant functor from the category of complex Lie groups into that of cochain 
complexes. In particular, any holomorphic homomorphism of complex Lie groups 
/ : G — > Q determines a homomorphism of sets with distinguished points : 
iy°'i(M, G) H'^'\M,Q). 

1.3. There is an important relationship between the de Rham and the Dolbeault 
complexes with values in the same complex Lie group G. It corresponds to the 
natural inclusion lq '■ G ^ Oo- One checks easily that the triple {id, Ho, i, 110,2} is 
a homomorphism of complexes Rq Rg, i-e., 

61 o IIo,! = no,2 o Si, 
p(^) oHo,! = no,i op(5r), g e Fg. 

Hence we get the following commutative diagram: 

HhR{M,G) H\M,G) 
(1.19) n 



0,1 



H^'^M, G) 



H\M,Og) 



H\M,Tg) 



where Hq i is induced by IIo,!. 

More generally, suppose that we have a flat group bundle E corresponding to a 
cocycle 3 G Z^(il, Aut/^ G). Regarding E as a, holomorphic Lie group bundle, we 
get the commutative diagram 



HhniM, E) 



(1.20) 



n,* 



H^'^{M,E) 



H\M,Ce) 



H\M, Oe) 



H\M,S) 



H\M,S), 



where IIq i is induced by Hq,! and by the natural inclusion le '■ Ce ^ Oe- 
We also note that for any 7 e Z^{Rg) the following diagram is commutative: 



^IntP 



(1.21) 



n 



0,1 



.0,1 

4ntP 



41 
^0 



A 



no,i 

0,1 
' 



where Int P is the flat group bundle corresponding to 7 and x = no,i7. 

Now we consider the example of the abelian complex Lie group G = GLi(C) = 
which will be useful in the sequel. Note that G contains the compact subgroup 



TRIANGULAR DE RHAM COHOMOLOGY 



11 



Example 1.1. We want to study the homomorphism of groups Uq i : H\)^{M, ) 
H^'^{M,C^). Consider the homomorphism Exp : C ^ given by Expc = 
exp(27rzc). Clearly, Exp(M) = Ui. The exact sequences 








z 



Exp 



Ui 



c 



Exp 



give rise to the following commutative diagram with exact lines: 
> H^{M,Z) > H\M,R) iyi(M, Ui) H^{M,Z) 











H^{M, Z) 



H^{M, Z) 



H\M, C) 



Exp* 



Exp* 



"-(CX)* 



.5* 



H'^{M, Z) 



H^{M, Z). 



Here S* are connecting homomorphisms of the cohomology exact sequences and 
arrows without denotation are given by natural inclusions of groups. It is well 
known that Ker 5* C H^{M, O^) is precisely the set of those holomorphic GLi(C)- 
bundles that are trivial as smooth principal bundles. By Propositions 1.1 and 
1.4, the subgroups Ker 5* may be identified with H})j^{M, \Ji), H})f^{M,C^) and 
iyO'i(M, C^), respectively, while t(cx)* identifies with IIq (see (1.19)). Using 
also the classical de Rham and Dolbeault isomorphisms, we obtain the following 
commutative diagram with exact lines: 











H^{M, Z) 



H^{M, Z) 



iyi(M, z) 



Exp* 



Exp* 



. ifi,^(M,CX) 



TT* 



nS,i 



-> e. 



It follows that H}jj^{M^ 



) and H^'^{M,C^) are connected complex abelian Lie 
groups, while i7^^(M, Ui) is a torus. The group PicM = i/°'^(M, C^) is, by 
definition, the Picard manifold of M. 

The following complement problem seems to be important: under which condi- 
tions is the mapping IIq : H})j^{M, G) — > H^'^{M, G) surjective? This is the same 
that for any a e Z^{Rg), to find a form P e Z^{Rg) such that Hq^iP = a. In 
n°2.2, we will answer this question positively in the case when M is a compact 
Kahler manifold and G is the Borel subgroup of a classical complex linear group 
(e.g., the complex triangular matrix group T„(C)). 

1.4. Let V be a flat complex vector bundle over a complex manifold M. Then we 



1 J- 1,, 



iA 1 ] f — 



/ A 



/ A*,<1 a\ ] / aP,* a\ ( oi o 
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where we may formally set £^ = e = V). Suppose that M is a compact Hermitian 
manifold and that the structure group of V is Un. Then we can define a flat 
Hermitian metric on V. This gives rise to the Laplace operators A, Aq and Ag in 
given by 

A = dd* + d*d, A9 = dd* + d*d, A9 = dd* + d*d, 

where d*, d*, d* are formally conjugates of d, d, d, respectively. Let us denote 

= (KerA) nAV, 
M^'^ = (KerA9)^A^^ 
H|'^ = (KerAa)nA^'' 

the vector spaces of harmonic forms. Any harmonic form u is, respectively, d-, d- 
or 9-closed. By Hodge theorem, the correspondence uj i— > [a;] gives the following 
isomorphisms: 

H'^~if£,«(M,V)^if'^(M,Cv), 

j^P.'i ~ HP^i{M, V) ~ ^{M, n^). 

We shall use the following fact which is well known in the case of the trivial vector 
bundle V over a compact Kahler manifold (in the more general case of a harmonic 
flat vector bundle a proof is outlined in [ABCKT], p. 104). 

Proposition 1.7. Suppose that M is a compact Kahler manifold. Then 

A = 2Ad = 2Ag. 

It follows that 

p+q=r 

In what follows, we will omit the superscripts d and d in the notation of harmonic 
forms. 

Corollary 1. Under the above conditions, the vector spaces W'^ and H0'« coincide 
with those of holomorphic W -valued p-forms and antiholomorphic W -valued q-forms, 
respectively. 

Corollary 2. Under the above conditions, 

p-\-q=r p^q=r 
p+q=r p-\-q=r 

Arguing as in the proof of the lemma in [GH], Cli.l, Section 2 (see also [DGMS]), 
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Corollary 3. Let V be a flat vector bundle with structure group U„ over a compact 
Kdhler manifold. Suppose that u) G is d-closed and d- or d-exact, where 

p,q > 1. Then there exists i/j G A^^''^~^ such that co = ddif). 

Let G C GL„(C) be a linear complex Lie group and z = (zij) G G). 
Consider the flat group bundle E corresponding to the cocycle Int^ (see n°l.l). 
Clearly, z determines a flat vector bundle V with flbre C". Then E can be regarded 
as a subbundle of the flat vector bundle EndV with flbre End C"^ which is obtained 
by twisting M x End C" with the help of Int z. The group Fe will coincide with a 
subgroup of the group Aut V of automorphisms of V. 

Corollary 4. Suppose that Zij G and that M is a compact Kdhler manifold. 
If a & Fe satisfies IlifiSo{a) = or Ilo^iSo{a) = 0, then So{a) = 0, i.e., a is a flat 
section. 

Proof. Apply Corollary 1 to the vector bundle EndV. 

We return now to the example G = (see Section 1.2). Using Hodge theory 
(in the case of the trivial bundle M x C), we prove the following 

Proposition 1.8. Let M be a compact Kdhler manifold. The mapping Hq i '■ 
Hjyj^{M,\Ji) — > H^'^{M,C^) is an isomorphism of real Lie groups. 

Proof. Due to the latter diagram of Example 1.1, it suffices to prove that Hq : 
iy|)^(M, R) — > iy°'-^(M, C) is an isomorphism of real vector spaces. But this is a 
well-known consequence of Proposition 1.7. The inverse to Hq ^ is given by a; i— > 

As a corollary, we get the following well-known fact: for any compact Kahler 
manifold M, the group PicM is a complex torus. 

The above proof shows that any class from H}yj^{M, \Ji), Hj-,j^{M,C^) or 
iyO'i(M, C^) contains a harmonic form. On the cochain level, the inverse to 
nS,i : H}yji{M,\]i) iyO'i(M,C^) can be given by a; ^ a; - a), a; G M^'K 

1.5. Suppose that we have the semi-direct product G = B x A oi complex 
Lie groups. Here B may be regarded as a normal Lie subgroup and ^ as a Lie 
subgroup of G. Denote hj p : G ^ A the natural projection homomorphism and 
hy q : A G the natural inclusion. Then B = Kerp and poq = id. Clearly, we have 
the semi-direct decomposition g = b5 a, where b is an ideal and a a subalgebra of 
g. It follows that Ag = A^,^ Aa for an arbitrary manifold M. Any form a; G on 
M is uniquely decomposed as co = ut, + u>a, where u>t, G A^ and u>a = dp o u & Aa- 

The relations between the de Rham (and Dolbeault) cohomology with values in 
G, A, B are described in [04], Theorems 2.2 and 2.4. In particular, there is the 
following commutative diagram with exact lines: 

H},^{M,B) Hh^{M,G) H},^iM,A) > e 

(1.22) ^0,1 ^1,1 K,i 

H^'^{M,B) ^ H°''^{M,G) ^ H°''^{M,A) ^ s. 

it Pi 

Both mappings are induced by the natural inclusion i : B —> G. We also have 
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H'^'\M,G) such that o g* = id. We will identify H\)^{M,A) and H^^^{M,A) 
with their images in H})j^(M, G) and H^'^{M, G), respectively. 

Suppose now that we are given a form 7 e Z'^{Ra). Denote by ^ e H}^r{M, A) 
and C G -ff°'^(M, A) the cohomology classes of 7 and x — Ho, 17. Then Hq = 
(. We want to describe the subsets {pl)~^{0 C H})j^{M,G) and (p^)~^(C) C 
iyO'i(M, G) using splitting constructions. As above, choose an open cover It = (C/j) 
of M such that 7 = So{ai) in t/j, where ai e r(?7i,.FA), and consider the 1-cocycle 
^ — i^ij) ^ Z^{!d,A) given by = a~^aj. Denote by E the flat group bundle 
with the G determined by the cocycle (Int^ij). Since Zij G A, we have the semi- 
direct decomposition E — Eb x Ea-, where Eb and Ea are group subbundles with 
fibres B and A, respectively. We also consider the corresponding Lie algebra bundle 
e = Cfl. Then we have the following commutative diagram with exact lines: 

H},^{M,Eb) H},^{M,E) Hh^{M,EA) > e 

(1.23) "0,1 "0,1 nS.i 

H^'^(M,Eb) > H^'^(M,E) ^ H^'^(M,Ea) > e. 

Its right square is got from the right square of (1.22) by applying to the lines the bi- 
jectionsr"^ andf-^ (see (1.21)). Thus, (pl)"H6 is identified with i^(if|)^(M, E^^)),! 
while {p*i)~HO is identified with il{H^'\M, Eb)). 

2. Cohomology with values in certain solvable algebraic groups 

2.1. Let G be a connected solvable complex linear algebraic group. It is well 
known (see, e.g., [Hu], Ch. VII) that G admits the semi-direct decomposition 
G = N y\ S, where is a normal unipotent algebraic subgroup (the unipotent 
radical) of G and 5" ~ (C^)" an algebraic torus. Respectively, for the tangent Lie 
algebra of G we have the semi-direct decomposition g = n$ s, where n and 5 are 
the ideal and the subalgebra of Q corresponding to N and 5, respectively. Denote 
by p : G — > the natural projection and hy q : S ^ G the natural inclusion. 

Let K be the compact real form of S. Clearly, K ~ U". We will also consider 
the real algebraic subgroup Gk = N y\ K oi G. 

The most important example is the subgroup G = Tri(C) of GLjj(C) consisting 
of upper triangular matrices. In this case N = T^{C) is the normal subgroup of 
unipotent upper triangular matrices and S — Dn{C) the subgroup of diagonal ma- 
trices which is naturally identified with (C^)". The Lie algebra q = tn(C) is the 
subalgebra of upper triangular matrices in 0[^(C). Also n is the ideal of nilpotent 
upper triangular matrices and s is the subalgebra of diagonal matrices which is nat- 
urally identified with C"^. Further, K is the subgroup of unitary diagonal matrices, 
identified with , and its Lie subalgebra B C s is the subalgebra of pure imagi- 
nary diagonal matrices. The de Rham complex A^ is identified with the complex 
of s- valued forms 7 satisfying 7 = —7. The subgroup Gk — 2n(C)K of T„(C) is 
formed by matrices with unitary diagonal. 

Let G be an arbitrary connected solvable complex linear algebraic group and 
suppose that V is an algebraic G- module, i.e., that a polynomial representation 
(j) : G ^ GL{V) is given. Let il be an open cover of a complex manifold M and 
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M with structure group Gk- Then there is the de Rham complex (Av(2),(i), as 
well as the Dolbeault complexes {A^*^^yd) and 

The projection p : Gk — ^ K gives rise to the mapping p* : H^{M,Gk) — 
H^{M, K). It can be easily described on the cocycle level. Namely, for the above 
cocycle z = (zij) we have Zij = UijUij, where Uij G K, riij G N . Since Uij = p{zij), 
we see that u G (il, K) and pi sends the cohomology class of z to that of u. 

Suppose now that Zij = g^^Qj in Ui n Uj ^ 0, where Qi : Ui ^ Gk are smooth 
functions. Then V{z) is trivial as a smooth vector bundle with structure group 
Gk- We have gi = UiUi with Ui : Ui ^ K, Ui : Ui ^ N, whence 

, . Uij = pigiy^pigj) = u-^uj, 

(^•-'-j _ _i 

Zij — UijUj, 

In particular, we see that the 0-cochain (n^) determines an isomorphism of the 
flat vector bundles 'V{z) and V(tt) in the category of smooth vector bundles with 
structure group Gk- In the next lemma, this cochain should satisfy the condi- 
tion Ilo.ido{ni) = for all i which means that the corresponding isomorphism is 
antiholomorphic. 

Lemma 2.1. Let z G Z^{SX,Gk^ be a Cech cocycle on a complex manifold M 
satisfying the triviality condition described above. Suppose that M is a compact 
Kdhler manifold and that no,i5o(^i) = for any i. Then 

(i) Any class from iy°'^(M, V(2;)), q>^, contains a d-closedY{z) -valued {0,q)- 
form; 

(ii) Any holomorphic Y{z)-valued form a is d-closed. If, in addition, a is d- 
exact, then a = 0; 

(iii) If a E ^v(z) ■^o^^-s/ies da = and da = 8(3 for a certain (3 G A^^^^^ , then 
there exists 7 G such that a-\- is holomorphic. 

Proof. We will use the induction on n = dimV. Assume that n — 1. Clearly, 
4>{Gk) C C/i, and hence Y{z) is the flat line bundle determined by the cocycle 
{(l){zij)), where (f>{zij) G Ui. Therefore we can apply Hodge theory discussed in 
Section 1.4. Clearly, (i) is implied by the fact that any Dolbeault cohomology class 
contains a harmonic form (see Proposition 1.7), and (ii) follows from Corollary 1 of 
Proposition 1.7. To prove (iii), we note that dd(3 — dda = 0. Applying Corollary 
3 of the same proposition, we see that dp = 997, whence d{a — dj) — 0. 

To argue by induction, we need the following construction. By Lie theorem, 
there exists a basis ei , . . . , e„ of y such that (j) is expressed by the matrix 

where : G ^ T„_i(C) is a representation satisfying ^{g) G D„_i(C) for g E S, 
and hence ^(g) G U""^, for g E K. The exact sequence of G-modules 

— — >V — >V — ^0, 

where = (ei), V — (e2, . . . , en)-, gives rise to the following two exact sequences 
of flat vector bundles: 

(2.2) V°(z) ^ V(^) ^ V(^) ^ 0, 
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Since the matrices (p^Uij) are diagonal, the sequence (2.3) is spht. 

From (2.2) we obtain, for any q > 0, the following exact sequence of sheaves of 
antiholomorphic qf-forms: 

(2.4) n^o(,) ^ ^ o. 

The mappings rii (see (2.1)) determine an antiholomorphic isomorphism of (2.2) 
onto the split exact sequence (2.3). It follows that the exact sequence of sheaves 

(2.4) is split. Hence, for any p > 0, we get the following split exact sequence of 
cohomology groups: 

(2.5) i?^(M,n^o(,)) ^ i?nM,n^(,)) ^ HPiM,I%^^^) 0. 

Using the isomorphism (1.18), we can interprete (2.5) as the following split exact 
sequence: 

(2.6) lf'\M, V°(^)) ^ lf'\M, Y{z)) ^ lf'\M, Y{z)) 0. 
Let us also note that (2.2) gives rise to the following split exact sequences: 

(2-7) ^ ^ A- ) ^ A^l^ 0. 

Now we pass to the induction argument. Suppose that (i), (ii) and (iii) are true 
for vector bundles of rank n — 1. 

(i) We will assume that g > 1, since (i) coincides with (ii) in the case g = 0. Let 
a be an V(2;)-valued (0, g)-form such that da = 0, where dim V = n. Consider the 
exact sequence (2.7) for p = 0. By induction hypothesis, x(q;) = P + d(p, where 
dp = and cp e A'^f~^. Then cp = >c{'il;) for a certain e ^vrJ^^- Therefore 

P = >c{a — dt/j). Hence >c{d{a — dip)) = 0, and d{a — dip) = X{a'), where a' is a 
d-closed V'^(2)-valued (l,g)-form. Using (2.6), we conclude that a' is 

9-exact. Applying Corollary 3 of Proposition 1.7, we see that a' = ddu for a 
certain to e A^o'(^^y It follows that d{a — d{ip + A(a;))) = 0. Thus, a — d{ip + X{u>)) 
is the desired d-closed form. 

(ii) Let a be a holomorphic V(2;)-valued p-form, where dimF = n. By induction 
hypothesis, d>i{a) = 0, whence >c{da) = xi^da) = 0. It follows that da = A(/3), 
where /3 is a V''(2;)-valued holomorphic (p + l)-form. From (2.6) we conclude that 
P is 9-exact. Using Corollary 1 of Proposition 1.7 applied to V°(2;)-valued forms, 
we see that P is harmonic, and hence /? = 0. Therefore da = da = 0. 

Suppose that a = d'y. Then x{a) = dx{'y) = by induction hypothesis. There- 
fore a — A(/3), where /3 is a V°(2;)-valued holomorphic p-form. Then (2.6) implies 
that P is 9-exact in Avo(z), and hence P = 0. 

(iii) Suppose that da = and da = dp. Clearly, x(a) satisfies similar conditions. 
By induction hypothesis, d{x{a) +d'^i) = for a certain 71 G ' . By (2.7), we 

may choose 72 G ^v(zj such that ^(72) = 71. Then x(9(a + ^72)) = 0, whence 
d{a + 972) = X{ip) for a V''(2;)-valued {p, l)-form Clearly, d(p = 0, and (2.6) 
implies that (p is 5-exact. By Corollary 3 of Proposition 1.7, (f = dd'js. Then 
d{a + 5(72 - 73)) = 0. 
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Corollary. Let E be the flat group bundle with fibre G determined by the cocycle 
Int z. If a & Fe is holomorphic, then a is flat. 

Proof. The argument is similar to the proof of CoroUary 4 of Proposition 1.7. 
Namely, we fix a faithful holomorphic representation of G and consider the corre- 
sponding flat vector bundle V(2;). Then is a subbundle of the flat vector bundle 
End V(2) determined by the cocycle Int 0(2;). Then we apply the statement (ii) to 
the latter flat vector bundle. 



2.2. Let M be a compact Kiihler manifold. Then any class from H^'^{M, C) con- 
tains a (i-closed (i.e., antiholomorphic) (0, l)-form. In this subsection, we consider 
a non-abelian analogue of this fact involving a class of solvable algebraic groups. 
This study is closely related to the complement problem mentioned in n°1.3. 

We retain the notation of n°2.1. Let G = N x S he a connected solvable complex 
linear algebraic group. Then we have the following commutative diagram (see 
(1.22)): 



HhniM, G) 



(2.8) 



n 



0,1 



H^'\M, G) 



Pi 



p'l 



HhRiM,S) 



n 



0,1 



H^'\M, S). 



As we saw in n°1.5, both p* are surjective, and H]~,^{M,S) and H^'^{M, S) are 
naturally embedded in Hj-)j^{M,G) and H^'^{M, G), respectively. Since X is a 
direct factor of S, we also have an embedding H]-,j^{M, K) C Hjjj^{M, S). 

Due to Proposition 1.8, IIq ^ induces an isomorphism of groups Hjyj^{M,U) — > 
H^'^{M, S) (which gives the solution of the complement problem in the case G = S). 
It can be expressed by the isomorphism of the spaces of t- valued and s- valued 
harmonic forms Mg''^ given by — x + x ^ X- Let us fix a class C G H^'^{M., S) 

and a harmonic form x ^ ^s'^ representing this class, and denote 7 = — x -|- x- 
Choose an open cover il = [Ui) of M such that 7 = 5Q{ui) in any Ui for certain 
smooth functions Ui : Ui ^ K, and construct the Cech cocycle z = (zij), where 
Zij = u~ Uj in any Ui fl Uj 7^ 0. We fix the functions ttj, and hence the cocycle z, 
as well. 

We will use the twisted complex Re corresponding to Here we denote by E 
the flat group bundle obtained from M x G by twisting with the help of Int z, and 
by e the corresponding Lie algebra bundle (see n°l.l). Since z takes its values in 
K, we also get the normal group subbundle Ejy G E with fibre corresponding to 
the cocycle Int^jA^ such that E is the semi-direct product of and of the trivial 
bundle M x S. Respectively, we get the semi-direct decomposition = A^^35 Ag. 

We also need the mapping : A^ A^ introduced in n°l.l. By Proposition 
1.3, it induces the bijection r* : H})j^{M, E) H]^j^{M, G) such that r*{e) = ^ is 
the cohomology class of 7. Similarly (see Proposition 1.6), we have the mapping 

: A^/ AI'^ inducing the bijection f* : H^'\M,E) H^'\M,G) such that 
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(1.23)): 

HhniM^E^) HhniM^E) Hhn{M,S) > e 

(2.9) n,*i n*^ 
H^'^(M,En) ^ H^'^(M,E) ^ H^'^(M,S) > e. 

Here both are surjective, and if]^^(M, S) and H^'^{M, S) are naturally embed- 
ded in H]^^[M, E) and H^'^{M, E), respectively. As we saw in n°1.5, its right 
square is got from (1.22) by applying to the lines the bijections and f~^. 

We will say that G has the Hodge property if for any compact Kahler manifold 
M and for any group bundle E over M of the class described above, the following 
is satisfied: for each class a e H^'^{M, E) such that Pi{(t) = e there exists a form 
?7 e o" with the properties 

(2.10) V^Al\ 5i{ii) = 0. 

Suppose that rj satisfies (2.10) and denote P = r^{r]) e Z^{Rg). Then P = 
Adui{r]i) + 7, whence 

(2.11) P, = l, Uo,iP = Pn + X- 

Taking into account the remarks made above, we can reformulate our definition in 
terms of the complexes Rq and Eg- Namely, G has the Hodge property if for any 
compact Kahler manifold M and for any 6-valued harmonic 1-form 7, the following 
is valid: for each class a G H^'^{M,G) such that Pi(cr) = [Ho,i7], there exists a 
form P e Z\Rg) satisfying (2.11). 

In particular, we see that the Hodge property implies the positive solution of the 
complement problem for the group G over a compact Kahler manifold. 

Example 2.1. Suppose that the unipotent radical N oi G is abelian. Then E is 
a fiat vector bundle with unitary structure group. Hence, Proposition 1.7 implies 
that G has the Hodge property. 

Take a form r] e i?^ satisfying (2.10). Then the form P = r^{r]) can be used, 
instead of 7, for twisting the complex Rq- To do this, we write P = 5o(^i) for a 
certain smooth function bi : Ui ^ G in any Ui. These functions can be chosen 
in such a way that bi = UiUi for certain smooth functions Ui : Ui ^ N. In fact, 
Vi = Piui)~^{Pi) = piui)~^{do{bi)) = do{u~^bi). On the other hand, r]i = do{ni) for 
certain smooth functions rii : Ui ^ N. Therefore Ui = u~^bigi, where Qi : Ui ^ G 
satisfy do{g) = 0. Then bigi = UiUi and So{bigi) = 0. Replacing bi by bigi, we 
get the desired result. Then we construct the Cech cocycle w = (wij) e Z^{!d, G), 
where 

Consider the fiat group bundle E' and the fiat Lie algebra bundle z' with fibres 
G and £1 determined by the cocycles (IntWij) and (Adw^), respectively. Clearly, 
P = 5o{uini) = 7 + Ad Ui{5o{ni)), whence 
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and ni^o^o('^i) = 0. Therefore t' satisfies the conditfons of Lemma 2.1. 

We will also use the corresponding mapping rp : A\, — > A^^. Let us find an 
explicit expression for the mapping r^^ o r~f : i(j t-^ ip' of the space Al onto A^,. 
Clearly, p{ui){ipi) = r^{ip) = rpi^') = p{uini){'ip^), whence 

(2.12) , , 

Now we are going to prove the Hodge property for certain solvable algebraic 
groups. The main role will play the following result. 

Lemma 2.2. Suppose that G = B x A, where B is an ahelian unipotent normal 
algebraic subgroup and A an algebraic subgroup having the Hodge property. Then 
G has the Hodge property. 

Proof. We have the semi-direct decomposition A = Nq x 5", where Nq is the unipo- 
tent radical of A and 5" is an algebraic torus. Then G = N xi S, where N = B xi Nq. 
Clearly, is a unipotent algebraic subgroup, and hence the unipotent radical of 
G. 

Now let M be a compact Kahler manifold. Fix a class ( e H^'^{M,S) and a 
harmonic form x ^ ^s'^ representing this class, denote 7 = — % + x s-^d construct 
the cocycle z and the flat group bundle E over M as described above. Choose 
a class a G H^'^{M, E) such that Pi{(j) = s. Then a — [a] for a certain a G 
Z^{Ren)- Since A and B are invariant under IntZy, we have E^ = Eb x -^^a^o' 
where Eb and E'ato are the subb undies corresponding to the subgroups B and A^o 
of N. Respectively, A^'^ = A^'^^^ ^e^o' '^^^^^ ^& ^no ^^e corresponding 
subbundles of the Lie algebra bundle Cn- Hence a = a(, + CKe„p, where G A^^^, 
while a^^^ G Z^{Rej^^). Since A has the Hodge property, Q!e„o is cohomologous in 
Rea to a form rja G Z^{Re!^^). Replacing a by a cohomologous cocycle, we may 
assume that a^^^ — rja. 

Consider now the form jSa — rj{ria) G Z^{Ra). Clearly, ija G R\^ satisfies (2.10). 
Hence we may apply the construction of the flat group bundle E' with flbre G 
given above using the form (3a as In particular, we can write (3a = ^0(^1) in 
any Ui, where = UiUi for certain smooth functions rii : Ui ^ Nq satisfying 
III, 0^0 (^i) = 0. Then E' is determined by the cocycle w G Z^{H, Nq xi K) given by 
Wij = a^^aj. Since Wij G A, we have E' = E'^ xi E'^, where E'^ and E'j^ are the 
subbundles corresponding to the subgroups B and A of G. Using (2.12), we get 

a' = Adn^^{ai - rji) = Adn^^{{ab)i), 



whence 



Thus, a' G Z^[Re'^). Since B is abelian, E'^ is a flat vector bundle determined 
by the cocycle \iiiWij\B and hence satisfying the conditions of Lemma 2.1. By the 
assertion (i) of this lemma, a' is cohomologous in Re'^ to a (0, l)-form a'^ such that 
da'i = 5{a']) = 0. By (2.12), the corresponding form cti G Z^{Re) is expressed by 
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Since ni^o5o("'i) = 0, this form satisfies (2.10). Clearly, ai G a, and Lemma 2.2 is 
proved. 

We also will use the following remark. 

Remark 2.1. The definition of the Hodge property immediately implies that certain 
simple modifications of a solvable group G preserve the Hodge property. 

1) Suppose that G = N x S has the Hodge property. Then G = N x S has the 
Hodge property, too, for any subtorus S G S. 

2) Let Z C be a central algebraic subgroup of G = N x S. Then G has the 
Hodge property if and only if so is G/Z. 

Theorem 2.1. The following connected solvable complex linear algebraic groups G 
have the Hodge property: 

{i)G = Tn{C), 

(ii) G is the Borel subgroup of a simple complex algebraic group G of type 

An, Bn, Cn, Dn, Eq or Ey. 

Proof, (i) Wc use the induction on n. If n = 1, then our assertion is true by 
Proposition 1.8. Assume that it is proved for the group T„_i(C). Consider the 
semi-direct decomposition G — B yi A, where A ~ T„_i(C) x and B ~ C"""*^ 
are the subgroups consisting of matrices of the following form: 

B : (^^"-^ , xeC"-^ 

The induction hypothesis easily implies (see Remark 2.1) that A has the Hodge 
property. Hence we may apply Lemma 2.2. 

(ii) Let G be a simple group of classical type or type Eq., E-j. If the type is 
classical, then we may assume, due to Remark 2.1, that G is a classical simple 
group. For the information about parabolic subgroups used below see, e.g., [He]. 

For G = SLn+i(C), the assertion follows from (i) and Remark 2.1. 

Suppose that G = SO„(C). There exists a parabolic subgroup P C SOn(C) 
such that P = U yi (S0n-2(C) x C^), where U is an abelian unipotent normal 
subgroup of P. It follows that the Borel subgroups Gn of the groups SOn(C) 
satisfy Gn = U x {Gn-2 X C^). Therefore we may argue by induction on n using 
Lemma 2.2 and taking into account that S03(C) and S06(C) are of types Ai and 
As, respectively. 

Suppose that G = Sp2„(C). There exists a parabolic subgroup P C Sp2^(C) 
such that P = U y\ GL„(C), where U is an abelian unipotent normal subgroup of 
P. It follows that the Borel subgroup G of Sp2„(C) satisfies G = t/ x T„(C). Then 
we apply (i) and Lemma 2.2. 

Suppose that G = Eq. There exists a parabolic subgroup P G Eq such that 
P = U xi (D5 X C^), where U is an abelian unipotent normal subgroup of P. It 
follows that the Borel subgroup G of Eq satisfies G — U >i {Gi x C^), where Gi 
is the Borel subgroup of which has the Hodge property, as was proved above. 
Then we apply Lemma 2.2, taking into account Remark 2.1. 

Suppose that G = Er- There exists a parabolic subgroup P G E-j such that 

T> TT ^. t TTi V, /nx\ 1 TT ;„ ; j- — j- ™„i — u„ t> tj- 
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follows that the Borel subgroup G of E'j satisfies G = t/"xi(GixC^), where Gi 
is the Borel subgroup of Eq which has the Hodge property, as was proved above. 
Then we apply Lemma 2.2, taking into account Remark 2.1. 

Remark 2.2. The remaining simple groups F4 and Eg do not contain any parabolic 
subgroup with abelian unipotent radical. We do not know, whether the Borel 
subgroups of these groups have the Hodge property. 

2.3. Here we assume that M is a compact Kahler manifold and G is a connected 
solvable complex linear algebraic group having the Hodge property. We will study 
the cohomology set i7^^(M, G). 

We retain the notation introduced in the beginning of n°2.2. We also fix a class 
C e H^'^{M, S) and a harmonic form x G ^s'^ representing this class, and the Cech 
cocycle z = {zij) with values in K corresponding to the form 7 = — X + X- To study 
Hjyj^{M, G), it is appropriate to replace Rq by the twisted complex Re, where E is 
the flat group bundle obtained from M x G by twisting with the help of Int z. The 
correspondence between the 1-cohomology of Rq and Re is given by the mapping 

: Al ^ introduced in n°l.l. 

By definition of the Hodge property, any cohomology class a e H^'^{M, E) such 
that p\a = e contains a form 77 satisfying (2.10). 

Proposition 2.1. The form rj is determined uniquely in its cohomology class of 
Re, up to a transformation Ada, where a is a fiat section of E. 
The form r] is harmonic, and hence drj = [77, ry] =0. 

Proof. Let rji G Z^{REpf) be another (0, l)-form such that rji = p{a){r]) = Ada(?7) + 
So{a), where a e Fe. Then, clearly. Hi o5o(a) = 0. By Corollary 4 of Proposition 
1.7, So{a) = 0. 

The condition 5i{r]) = implies dr] = 0. Thus, r] is antiholomorphic, and hence 
harmonic due to Corollary 1 of Proposition 1.7. It follows that dr] = [77,77] = 0. 

Now we fix a cohomology class a e H^'^{M, E) such that p\a = e and a form 77 e 
a satisfying (2.10). We are going to study the subset iJlQ i)~^{a) C H})jf^{M,E). 
It is non-empty, containing the cohomology class of 77. A form uj e Z^{Re) will be 
called canonical if Hq^iCi; G Z^{Eisf). E.g., i] is canonical. 

The following important proposition is an easy consequence of the Hodge prop- 
erty. 

Proposition 2.2. Any 1-cohomology class r G H})j^{M, E) such that Hq ^^(r) = a 
contains a cocycle uj that satisfies no,ia; = 77 and hence is a canonical form. 

Proof. By the Hodge property, for any a G r there exists a & Fe such that 

7/ = p(a)(Ho,iQ;) = no,ip(a)(Q;) = Ho,ia;, 

where uj = p(a)(a) G r. 

Consider the form (3 = f-yiv)- order to get more information on canonical 
forms, we will use the twisted complex Re' described in 

„Oo O J +1 „ J „ — 1 „ „ .„/.,, „/./ J U,, lr\ 1 o\ 
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Proposition 2.3. For any canonical form u with Ho^io; = r/, denote a = Hi^quj. 



Proof. The relation (i) follows easily from (2.12). Since u' is of type (1,0), the 
relation 5i(a;') implies dou' — 0. Thus, u' is holomorphic, and hence harmonic by 
Corollary 1 of Proposition 1.7. This implies (ii). Now, (iii) follows from (ii) and 
from the last assertion of Proposition 2.1. 

Proposition 2.4. Ifco andui are two canonical forms from the same class r, then 
LOi = Ad f{uj) for a ceHain f e H^{M,Ce)- 

Proof. By Proposition 2.2, we may assume that Ho^ia; = no,ia;i = r}. Suppose 
that uji = p{f){uj), where f & Fe- Using (2.12), we see that uj[ = p{f'){u>'), 
where /' G Fe' and fi = nif[n~^. By Proposition 2.3, uj' and uj'i are of type 
(1,0), and hence no,i5o(/') = 0. Due to Corollary of Lemma 2.1, 5o(/') = 0. 
Then ni^o'^o(/i) = 0, whence 5o(/i) = by Corollary 4 of Proposition 1.7. Thus, 
uji = Ad /(a;), where / is a flat section of E. 

2.4. We retain the notation introduced above. Here we describe the set of 
canonical forms in terms of the complex (A^, d). 

Theorem 2.2. Any canonical form u) G Z^{Re) can be written as u> = il^ + dh, 
where h G '0 G is a uniquely determined harmonic form, and [V',V'] 
cohomologous to in (A^, d). 

Conversely, let i/j E A^ be a harmonic form such that Ilo,ii^ G A^^^ and [i/j, if;] 
is cohomologous to in {A^,d). Then diiJli^Qi/j) = 5i(no,i'i/') = and there exists 
a unique form uj G Z^{Re) such that u> — il^ + dh, where h G A^. The form uj is 
canonical. 

Proof. Let a; be a canonical form. We may assume that u) — a+rj, where a — no,ia;. 
By Proposition 2.3 (iii), we have da = 0. Due to Proposition 1.7, we can write 
a = (f + dh, where h E A^ and cp G ^e'° is harmonic, i.e., holomorphic. Since rj is 
harmonic by Proposition 2.1, ijj = <f> + r] is harmonic, too, and lj = iJj + dh. The 
form (f is determined uniquely, due to the Hodge decomposition. Clearly, 

[ip, V] = - dh, uj-dh] = [uj, uj] + [dh, dh - 2uj\ = 2dw + d[h, dh - 2oj] 
= d{-2dh+[h, dh-2uj\). 

Since d[il), '0] = 0, Corollary 3 of Proposition 1.7 implies that ['0, '0] is cohomologous 
to 0. 

Conversely, suppose that we have a harmonic form ip e A^ such that no,iV' £ ^e„ 
and = dX, where A G A]. Let us denote (p = Hi^oV') ^ = no,!^'- Evidently, 



Then 



(i) uji = Adn, \ai), 

(ii) uj' is harmonic and satisfies duj' = [a;', a;'] = 0. 

(iii) da = da = [i], a], da = 0. 



(2.13) 
(2.14) 

(2.15) 



[(p, (p] = dUifiX, 

[e, ^] = ano,iA, 

2[e,ip]^dUi,oX + dUo,iX. 



Since [(/?, (p] is holomorphic. Proposition 1.7 and (2.13) imply that [(p, (p] = c^Hi^oA = 
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0. It also follows that cZ^IIi^O'^ = ddUo^iX = 0. Applying Corollary 3 of Propositfon 
1.7, we deduce from (2.15) that 

(2.16) [0,<p]=ddg 

for a certain g e A^. 

We see, in particular, that $ has the properties of the form rj from Proposition 
2.1. We may denote 9 = r} and use the mapping r^^or^ : ip t-^ ip' described by 
(2.12). 

Applying (2.12) to (p and using (1.3) and (2.16), we get 
Adni{d(p'^ = -[r]i,(pi- rji] = -ddg^ 

whence 

V = 0, 

(2.17) _ , _ 

d^i = -d{kdn-\dgi)), 

where {Mn~^{dgi)) E A^,. 

We will seek now for the desired form ut. Write lo — il' + dh = a + r], where 
a = (p + dh and h E is to be chosen in such a way that Si{u) = 0. As in 
Proposition 2.3 (i), we have aj^ = Adn~^(ai). Since da = 0, we deduce, using 
(1.3), that duj' = 0. One can choose h in such a way that duj' = 0. In fact, 

u'i = Adn-\<pi)+Adn-\dh), 

where, by (2.12), 

Adn-'-{<fii) = <p'i + Adn-^(r/i). 

Note that d{Adn~^{rji)) = 0. In fact, (2.12) implies that ijj' = — Adn~^(r]i) corre- 
sponds to the form ip = 0. Therefore Si{ip') = 0. But [ij/, ij/] = due to Proposition 
2.1, whence dtp' = 0. It follows that d{Adn~^{(pi)) = dip'^. From (2.17) we see that 
d{Adn~^{ipi)) = and d{Adn~^{ipi)) is 9-exact. By Lemma 2.1 (iii), there exists 
h' G such that the form 

Adn-^(ipi) + dh'i = Adn-^(ipi + diAdmih'^) 

is holomorphic. Thus, we see that hi — Adnj(/i^) satisfy our conditions. 
We have chosen h in such a way that du' = 0. Now, we have 

[Lo',u}']i = Adn~^{[ai,ai]) = Adn~^([<^i + dhi,(pi + dhi]) 
= d(Adn-\[hi,2ipi + dhi])). 

Since this form is holomorphic, Lemma 2.1 (ii) implies [a;', a;'] = 0, whence Si{ui') = 
0. Therefore di{Lj) — 0, and hence u is canonical. 

Suppose now that we have another form u>i satisfying our conditions and such 
that ui = ip+dh' with h G A^. It follows from the above that the form d{h[ — {h'i)i), 
where {h'i)i = Adn^^((/ii)i), is holomorphic. By Lemma 2.1 (ii), h' = h'l, whence 
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2.5. Now we are able to formulate our main result. Suppose that M is a compact 
Kahler manifold. Let us fix a class ( e H^'^{M, S), a harmonic form x lying in this 
class and a Cech cocycle z = (zij) representing the class A*([7]) £ H^{M, K), where 
7 = —X + X ^ Z^{Rk)- We are going to describe the subset 

(2.18) i^c = {K,i)-\ipr)-\0) C Hi^{M, G) 

(see (2.8)). To do this, we note that r* identifies the right square of (2.9) with (2.8) 
(see n°1.5). In particular, Hq identifies with 

= ir;)-\H^) = Kevipl o n*,i) C i?l,^(M, E) 

(see (2.9)). To describe the latter subset, we will use harmonic 1-forms from the 
de Rham complex (^e, d). Note that the vector space He of harmonic p- forms is 
isomorphic to Hj^j^{M, e) ~ H'p{M,C^) (see n°1.4). Since Ce is a sheaf of Lie al- 
gebras, there is a natural bracket operation [ , ] in its cohomology, expressed by 
the bracket of e-valued forms via the de Rham isomorphism. On the other hand, 
there is a natural action of the group of flat sections H^^{M, E) ~ H^{M, Ce) on 
H^j^{M, e) ~ H^j^{M, e) expressed by the action Ad on c- valued forms and pre- 
serving the bracket operation. Let us define conic algebraic subsets H^j^^^M, e)o C 
Hdr{M, e) and H^{M,Cc)o C H\M,C,) by 

H},j,iM, e)o = e HhniM, e) | plU^,^ = 0, [C, ^] = 0}, 
H\M,C,)o = {Ce H\M,C,) I KC(0 = 0, [^,^] = 0}, 

where : — is the natural embedding of sheaves (see n°1.3) and pi : 
H°'^{M,t) H^'^{M,s), pI : H^{M,0,) H^{M,Os) are induced by the 
natural projection p : t ^ s. Clearly, they are invariant under H^{M^Ce) and 
H^{M,Ce)i respectively. We also need the corresponding subset of the vector 
space of e-valued harmonic 1-forms. By Corollary 2 of Proposition 1.7, W\ = 
He' ©He' , where the first summand is the set of closed (1, 0)-forms, while the sec- 
ond one is the set of closed (0, l)-forms. Clearly, Hj is invariant under H^^^^M, E). 
Define the following invariant subset of this vector space: 

H^^o = {V' e H^ I HciV' e H^;\ [V', V'] is ci-exact}. 

Note that all these cohomology sets and groups depend, up to isomorphy, on the 
class C only, being independent of the choice of the cocycles x ^nd z. 

Theorem 2.3. Let M be a compact Kdhler manifold and G a connected solvable 
complex linear algebraic group having the Hodge property. Then 

(2.19) HhR{M,G)^ □ H^, 

C€HO.i(M,S) 

where -ff^ is given by (2.18). 

Assigning to any cohomology class r G Hq the harm,onic part of a canonical form 
that represents the class {r*)~^{T) e C H]^j^{M, E), and to the latter form the 
corresponding cohomology class with values in C^, we get the following bijections: 



zj . Turl / zjO fTLf T7i\ , Tjl /7i^ ,\ I ttO /■ i\/r I7'^ . zjli'i\/r n \ lTjQ(-\/r n \ 
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Proof. The decomposition (2.19) is evident. It is also clear that 

^c= U (no,i)-'(^)- 

CT6Kerp* 

By Proposition 2.2, any cohomology class from {JlQ -^)~^{a) contains a canonical 
form uj. By Theorem 2.2, oj = i/^ + dh, where ip is the harmonic part of cv 
and h ^ A^, and the correspondence c<; i— > '0 is a bijection between the sets of 
canonical forms from (Hq j^)~^(a") and forms il^ G H^q satisfying no,i'0 G a. By 
Proposition 2.4, two canonical forms a;, uji lie in the same cohomology class if 
and only if uji = Ad a (a;) for a certain a e H^j^{M, E). Under this assump- 
tion, uji = Ada{ip) + d{Ada{h)) which implies that V'l = Ada('0) is the harmonic 
part of iVi- Conversely, if wi = i/'i + dhi, where t/^i = Ada{t(j) is harmonic and 
a G H^j^{M, E), then the canonical forms Ada(a;) and coi have the same harmonic 
part, and hence coincide, due to Theorem 2.2. Thus, we get a bijection between 
and MIq/ H^jf^{M, E). The correspondences between harmonic forms, de Rham 
cohomology and cohomology with values in Ce, taking into account commutativity 
of (1.20), give bijections between HJq, H}^j^{M^t)o and H^{M,Ci)o and, hence, 
between H^o/ifO ^(M, E), H},^{M, t)o/Kj,{M, E) a,nd H\M,C,)o/H\M,Ce). 

We finish this subsection with two remarks. 

Remark 2.3. The parameter group H^'^{M, S) in (2.19) is isomorphic to the com- 
pact complex torus (PicM)*^™*^ (see Proposition 1.8 and Example 1.1). 

Remark 2. 4. Let M be a compact Kahler manifold, G a complex Lie group, P a 
holomorphic principal bundle with base M and fibre G. It is known (see [01], [02]) 
that if P is given by a cocycle z with values in the maximal compact subgroup K 
of G (in particular, P is flat), then small holomorphic deformations of P are flat 
and are parametrized by Ad P- valued harmonic (O,l)-forms tj) satisfying [i/', tj)] — 0, 
where Ad P is the Lie algebra bundle determined by the cocycle Ad z. The condition 
imposed on z implies that the homomorphism 7ri(M) G corresponding to P 
takes its values in K. If G is linear, we get a completely reducible representation 
of 7ri(M). On the other hand, it was proved in [GM] that the representation 
variety Hom(7ri(M), GL„(C))/ Int GL„(C) has at worst quadratic singularities at 
the points corresponding to completely reducible representations. Theorem 2.3 can 
be regarded global result in the same direction. 

2.6. In this section, we give some complements to our main result. 

First, we note that the same methods allow to describe the cohomology set 
i7]p^(M, E'jv), where Ej^, as above, denotes the flat group bundle with fibre N 
determined by a cocycle z G Z^{ii,K). To formulate the result, we introduce 
algebraic subsets H})j^{M,tn)o C ff|)jj(M, c„), H^{M,CtJo C H^{M,Ctn) and 

Ko c K by 

Hhj,{M, en)o = {e e HhuiM, t,) \ [e, e] = 0}, 
H\M,CcJo = {UH'iM,Cc„) I [i,C]=0}, 

= {tpe ml \ [v,V'] is d-exact}. 

Now, notice that a class r G H}^j^{M, E) lies in Imi^ = Kerp^ if and only if any 
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and (jJs e A\f. If p\{t) = £, then — ui^ — ^^{a), where a e F5. Clearly, 
no,i(^o(a) = 0. If M is a compact, this implies that 5o(a) = 0, and hence uj = ujn- 
The arguments used to prove Theorem 2.3 yield the following result: 

Theorem 2.4. Let M be a compact Kdhler manifold, G a connected solvable com- 
plex linear algebraic group having the Hodge property, N its unipotent radical and 
En the flat group bundle with fibre N determined by a cocycle z G Z^{\X,K). As- 
signing to any cohomology class r e H})j^{M, En) the harmonic part of a canonical 
form lying in ilir), and to the latter form the corresponding de Rham cohomology 
class and the cohomology class with values in Ce„ , we get the following bijections: 

HhniM, En) - Hi^o/^Di?(M, En) 

^ EhniM, Cn)o/H'^ji{M,EN) ^ H\M,C,^)o/ H\M,Ce^). 

Remark 2.5. In particular, in the simplest case 2; = e, we get a description of 
H}yj^{M, N) in terms of H^{M, n). Since N is contractible, we have a bijection be- 
tween H}yj^(M, N) and Hom(7ri(M), A^)/IntiV. A similar description of the latter 
set for any simply connected complex nilpotent Lie group N in terms of harmonic 
forms can be deduced from the results of [DGMS]. 

Next, we give a generalization of Theorem 2.3 based on the fact that the Hodge 
property deals with the (0, l)-parts of our matrix forms only. This suggests to con- 
sider the following non-abelian cochain complex. Let G be an arbitrary complex lin- 
ear algebraic group and G its connected solvable algebraic subgroup. Denote by g D 
the corresponding Lie algebras. Consider the triple Rq q — (i?^ ^, R^ ^, R^ ^} 
defined by 

R% ^ = Fg, Rl ^ = {« e I no,p« e ^J'^, p = i, 2. 

One verifies easily that Rq ^ is a subcomplex (in the sense of [On3, On4]) of the 
de Rham complex R/^ with values in G (see n°l.l). This means that 6p{R^ ) C 
P — 0, 1, and that i?^ , p = 1, 2, are invariant under the actions Ad and 

Cr ,(-T Gr ,Gr 

p of i?^ ^. On the other hand, Rq is a subcomplex of Rq q and coincides with 

Rq q in the case G = G. One defines the 0-cohomology group H^{Rq q) (which 
coincides with H^{Rg)) and the 1-cohomology set H^{Rq q) = Z^{Rq q)/ p{Fq). 

As in n°1.3, we see that the triple {id, Hq,!, 110,2} is a homomorphism of com- 
plexes R^ Q — > Rq. It gives rise to the homomorphism of sets with distinguished 
points IIo^i : H^{Rqq) H^''^{M,G). Suppose that M is a compact Kahler 
manifold and G has the Hodge property. Then Hq ^ is a surjection. 

To describe H^{Rqq), we will use a twisting of the complex Rq q. As above, 

let us fix a class ( G H^'^{M, S), a harmonic form x lying in this class and a Cech 
cocycle z = (zij) representing the class /u([7]) G H^{M,K), where 7 = — x + X G 
Z^[Rx)- Denote by E the flat group bundle obtained from M x G by twisting with 
the help of the cocycle Int z with values in Aut G, and by e the corresponding Lie 
algebra bundle. Clearly, the flat bundles E and c studied above are subbundles of 
E and e, respectively. Then we can deflne the subcomplex R^ e given by 

RO = F„ RP. = in, AP \ Ur. „^ f= A^'P\ r. = 1 9 
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The triple {id, Ho,!, 110,2} is a homomorphism of complexes e giving 
rise to the homomorphism Hq 1 : H^{R^ ^) — > H^'^{M, E). Clearly, we have the 
following commutative diagram: 



'■'■0,1 t>i 



where r* is the bijection determined by the mapping r-y : R^ ^ — > R^ ^. 
Define the subset 



(2.20) He = (nl,)-\{pl)-\C)) C Hhj,{M,G)- 

Then 

{r;)-\Hc) = Keripl o Ul ,) c HhAM, E). 

Choose a r G (r*)-i(if^). A cocycle a; G r is called canonical if Hqauj G Z^{En)- 
Our assumptions imply that any such class r contains a canonical form which is 
unique up to a transformation Ad^, where ^ is a flat section of E. Finally, define 
the following conic subset of the vector space Hi : 

= e Hi I HciV' e H^;i, [i/;, ij;] is d-exact}. 
Then we get the following result: 

Theorem 2.5. Let M be a compact Kdhler manifold and suppose that G has the 
Hodge property. Then 

h\Rg,g) = U ^c, 

C€HO'i(M,S) 

where H^^ is given by (2.20). 

Assigning to any cohomology class t G H(^ the harmonic part of a canonical form 
that represents the class (r*)~^(T), we get the following bijection: 

Hc^m\jHlj,{M,E). 
The proof goes along the same lines as that of Theorem 2.3. 
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